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The watt balance operation: a continuous model of
the coil interaction with the magnetic field
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Abstract. In the watt balance experiments, separate measurements of the
magnetic and electromotive forces in a coil in a magnetic field enable a virtual
comparison between mechanical and electric powers to be carried out, which lead
to an accurate measurement of the Planck constant. This paper investigates the
three-dimensional nature of the coil-field interaction and describes the balance
operation by a continuous three-dimensional model.
PACS numbers: 06.20.-f, 06.20.Jr, 03.50.De, 77.65.-j
1. Introduction
Watt balances compare virtually the mechanical and the electric powers produced
by the motion of a mass in the Earth gravitational field and by the motion of the
supporting coil in a magnetic field [1, 2, 3, 4, 5]. The electromotive force along a
one-dimensional coil linking the magnetic flux Φ and moving at the velocity u is
E = −(∂uˆΦ)u, where ∂uˆ is the derivative along the motion direction. The component
of the magnetic force acting on the same coil along the direction of motion, now
carrying the electric current I, is Fu = (∂uˆΦ)I. If this force counterbalances the
weight −mg of a mass m in the gravitational field g, by combining these equations
and eliminating the common factor ∂uˆΦ, we obtain mgu = EI. This equation relates
virtually mechanical and electric powers and allows either m to be determined in terms
of electric quantities or the Planck constant to be determined in terms of mechanical
quantities [6, 7, 8, 9].
A basic assumption in the previous analysis is that the coil wire is one-
dimensional; hence, the three dimensional nature of a real wire deserves consideration.
In the moving mode, the measured quantity is the difference between the voltage
between the coil ends. In a one-dimensional coil, we identify this voltage with the
electromotive force induced by the motion. In a three-dimensional coil, this is only
possible if the Lorentz field u×B, whereB is the magnetic flux density, is conservative.
In fact, only in this case there exists a scalar potential whose gradient is u×B and,
therefore, there exists a charge distribution originating an electric field nullifying the
Lorentz field. In general, the Lorentz field is not conservative and there is no electric
field preventing eddy currents from flowing in the coil. This paper shows that, if B is
radial and u is parallel to the field axis, u×B is conservative and the voltage between
the coil ends is identical to the electromotive force.
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Figure 1. Lumped parameter model of a three-dimensional coil. Left: moving
mode. Ie is the eddy current flowing in the mesh owing to the different
electromotive forces, (∂uˆΦ1)u and (∂uˆΦ2)u, induced by the coil motion. R1Ie
and R2Ie are the voltage drops across the coil resistances. Right: weighing mode.
(∂uˆΦ1)I1 and (∂uˆΦ2)I2 are the magnetic forces acting on the two coils.
In weighing mode, the magnetic force acting on a three-dimensional coil is given
by the integral of the force density j×B, where j is the density of the electrical current,
over the coil volume. The current interaction with the magnetic field was investigated
in [10] and found to be insignificant. This paper investigates the inhomogeneity of the
electric current due to the higher or lower resistance of the different current paths. It
will be shown that, after modelling the coil turns as toroids, the current follows a 1/r
law and the total force is calculable by a one-dimensional coil model.
This study was motivated by an unexplained spread – the order of magnitude of
which is 100 nW/W, to be compared with a targeted uncertainty of 10 nW/W – of the
Planck constant values reported by the International Avogadro Coordination (IAC)
[11, 12], the National Institute of Standards and Technology (NIST-USA) [13, 14], the
Swiss Federal Office of Metrology (METAS-Switzerland) [15], the National Physical
Laboratory (NPL-UK) [16], and the National Research Council (NRC-Canada) [17].
2. Watt balance operation
2.1. One-dimensional model
Let us start by considering a one dimensional loop γ in a magnetic field having the
magnetic flux density B. Firstly, we consider the electromotive force induced – in the
absence of rotations – by the coil motion with velocity u,
E =
∮
γ
(u×B) · dl = −(∂uˆΦ)u, (1)
where u = |u| and dl is the vector line element. A rotation-free motion implies that u
is independent of the coordinates; hence, by the Stokes theorem and since ∇ ·B = 0,∮
γ
(uˆ×B) · dl = −∂uˆΦ, (2)
where Φ is the magnetic flux through the loop and ∂uˆ = uˆ ·∇ is the derivative along
the velocity direction. Next, we assume that the electrical current I flows along the
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same loop constrained to be at rest and calculate the component parallel to u of the
magnetic force F . Hence,
Fu = I
∮
γ
uˆ · (dl×B) = −I
∮
γ
(uˆ×B) · dl = (∂uˆΦ)I. (3)
Since, in a one-dimensional coil, the difference V between the electric potentials of the
coil ends is the same as E , by combining (1) and (3), we conclude that
F · u+ V I = 0. (4)
This is the measurement equation of the watt balance experiment.
In the present paper, we do not examine the full equation F ·u+K ·ω+V I = 0,
where K is the torque acting on the coil in the weighing mode and ω is the coil
angular-velocity in the moving mode. Furthermore, we do not examine the alignments
necessary to identify the mechanical power F ·u drained from or released by the moving
coil with the power mg ·u drained from or released by the motion of a mass m in the
gravitation field.
2.2. Three-dimensional model
The measurement equation (4) and the identity of the geometric factors multiplying
the velocity and current in (1) and (3) are consequences of the one-dimensional model
of the coil. The magnetic force acting on a three-dimensional coil must be calculated by
integrating the force density j×B, where j is the density of the electrical current, over
the coil volume. Therefore, in general, (3) is not valid. Furthermore, the integration
of the Lorentz field u ×B along different paths joining the same endpoints gives, in
general, different electromotive forces. Therefore, the difference between the electric
potentials of the coil ends cannot be identified with (1).
2.2.1. Lumped parameter model. If the coil is modelled by a number of one-
dimensional wires connected in parallel and each wire is described by lumped
parameters, the equation (4) can still be proven. For the sake of simplicity, let us
consider only two coils connected in parallel as shown in Fig. 1. In the moving mode,
the potential difference between the coil ends is
V = (∂uˆΦ1)u−R1Ie = (∂uˆΦ2)u+R2Ie = (∂uˆΦ1)R2 + (∂uˆΦ2)R1
R1 +R2
u, (5a)
where the Ie = (∂uˆΦ1 − ∂uˆΦ2)u/(R1 + R2) is the eddy current flowing in the mesh
and R1 and R2 are the coil resistances. In the weighing mode, the force acting on the
two-coil system is
Fu = (∂uˆΦ1)I1 + (∂uˆΦ2)I2 =
(∂uˆΦ1)R2 + (∂uˆΦ2)R1
R1 +R2
I, (5b)
where I = I1 + I2 is the measured current. Since the geometric factors in (5a) and
(5b) are the same, the equation (4) is valid. In the following, we investigate if this
identity is also valid when the continuous distributions of the resistance, current, and
magnetic and electromotive forces are taken into account.
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Figure 2. Toroidal model of a watt-balance coil.
3. Coil-field interaction
3.1. Current distribution
As shown in Fig. 2, we consider a model where each coil turn is a split toroid of radius
r0 and circular cross section of radius a – but the results are independent of the actual
cross section. The toroid end is figured joined to the next toroid start, so that a full
revolution carries us in the next turn of the coil. To find the current distribution, we
neglect the magnetic field, whose effect was investigated in [10], and use the cylindrical
polar coordinates r, θ, and z, with the origin fixed at the toroid centre and the z axis
tied to the toroid axis.
Inside the coil, the electric potential φ satisfies the Laplace equation
∆φ = 0, (6)
with the Neumann boundary conditions (∇φ) · n = 0, where n is the unit normal to
the toroid surface. These boundary conditions ensure that no electric current flows
through the coil surface and that φ = −r0E0θ, where the r0E0 factor is chosen for
later convenience, is the unique solution of (6), up to a meaningless additive constant.
Hence, the electric field is given by
E = −∇φ = r0E0
r
θˆ, (7)
where θˆ is the polar unit vector. According the Ohm law, the electric-current density
is
j = σE =
r0j0
r
θˆ, (8)
where σ is the coil conductivity and j0 = j(r0) = σE0 is the current density evaluated
at r = r0. A contour plot of the electric current density is shown in Fig. 3; according
to (8), on the inner path the current density is the highest.
3.2. Magnetic field
Let the coil be in a magnetic field whose associated flux density is
B =
r0B0
r
rˆ, (9)
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Figure 3. Distribution of the electric current in the toroid model of a watt-
balance coil, shown in cross section. The brighter colour indicates the higher
current density on the inner path.
where rˆ is the radial unit vector and zˆ is the field axis. The r0B0 factor does not have
any particular meaning, but B(r0) = B0rˆ. It must be noted that (9) is singular at
r = 0. Therefore, a region about the field axis must be removed from the B domain
and, consequently, we cannot evaluate the magnetic and electromotive forces by means
of the derivative of linked flux.
3.3. Measurement equation
We consider a coaxial system, where the coil and field axes coincide and prove that,
provided the coil moves along the field axis, without parasitic rotations and with
velocity u = uzˆ, the equation (4) is valid.
3.3.1. Moving mode. The Lorentz field originated by the coil motion,
u×B = ur0B0
r
θˆ, (10a)
where u = uzˆ, is counterbalanced by the electric field
E = −ur0B0
r
θˆ, (10b)
originated by opposite charges at the coil ends [10]; a detailed proof of this assertion
will be given in section 4.1. Therefore, the difference between the electrical potentials
of the coil ends,
V = −
∫ 2pi
0
(E · θˆ) r dθ = BLu, (11)
where L = 2pir is the circle length, B = r0B0/r, and BL = B0L0 is a constant, is a
well defined quantity.
3.3.2. Weighing mode. To prove that, if the coil moves along the field axis, the
equation (4) is valid, we must calculate the mechanical power drained from or released
by a coil moving with velocity u = uzˆ. Hence,
F · u = −
∫ 2pi
0
∫ r+
r−
∫ z+
z−
u · (B × j) r dz dr dθ, (12)
where r± = r0 ± a and z± = ±
√
a2 − (r − r0)2 (see Fig. 2). By using (8) and (9) in
(12) and by observing that rˆ × θˆ = zˆ, we obtain,
F · u = −2pir0j0
(
r0 −
√
r20 − a2
)
BLu = −V I, (13)
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where we used (11) and
I =
∫ r+
r−
∫ z+
z−
(j · θˆ) dz dr = 2pir0j0
(
r0 −
√
r20 − a2
)
(14)
is the current flowing in the coil. It must be noted that, in the limit when r0 → ∞,
(14) reduces to I = pia2j0.
4. Geometric aberrations
This section investigates the effect of the coil imperfections, such as misplacements,
tilts, and shape errors. Apart from these errors, the field is assumed radial and the
motion is assumed parallel to the field axis and free from parasitic rotations.
4.1. Moving mode.
In a radial field, provided that u is parallel to the field axis, u×B is a conservative
field and the electromotive force is the same along any loop circling the same number
of times the axis and it is null if the loop does not enclose the axis, no matter what
the loop shape may be.
To prove this assertion, let us write both the field and coil velocity in the
orthonormal basis (rˆ, θˆ, zˆ) of the cylindrical polar chart and let us set zˆ parallel
to the field axis. In the general case, if its Cartesian components are ux, uy, and uz,
the cylindrical components of the velocity are
u = urrˆ + uθθˆ + uzzˆ, (15)
where ur = ux cos(θ) + uy sin(θ) and uθ = uy cos(θ) − ux sin(θ). Hence, the Lorentz
field is
u×B = (uzθˆ − uθzˆ)B, (16)
where it has been used (9) and B = r0B0/r. Since, the vector line element of an
arbitrary curve γ – represented by the parametric equations r = r(τ), θ = θ(τ), and
z = z(τ) and parameterised by τ – is
dl =
[
(∂τr)rˆ + r(∂τθ)θˆ + (∂τz)zˆ
]
dτ, (17)
the infinitesimal electromotive force is
dE = (u×B) · dl = [r(∂τθ)uz − (∂τz)uθ]B dτ. (18)
When uθ = 0, that is, when the velocity is parallel to the field axis, (18) reduces
to
dE = urB dθ, (19)
where u = uz, (∂τθ)dτ = dθ, and rB = r0B0 is a constant. Eventually, the
electromotive force,
E =
∫
γ
(u×B) · dl = urB
∫ 2pi
0
dθ = BLu, (20)
where L = 2pir and BL = B0L0 is a constant, is the same along any loop γ encircling
the axis.
A complementary way to prove (20) is to observe that, if u is parallel to the axis
of a radial field, u×B =∇φ, where the potential function is φ = r0B0θ. Hence, the
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electric charges can distribute inside the coil to originate the electric field E = −∇φ
nullifying u ×B, preventing eddy currents from flowing in the coil, and giving raise
to an unique voltage,
V = −
∫
γ
E · dl =
∫
γ
(u×B) · dl = E , (21)
between the coil ends. It must be noted that the coil ends are assumed to be
equipotential surfaces, that is, θ = const. on the coil end-surfaces.
4.2. Weighing mode.
If j is constant along the flow lines – that is, if ∂jˆj = 0, where ∂jˆ is the derivative along
the j direction – a comprehensive study of the magnetic force acting on an arbitrarily
shaped three-dimensional coil is possible. There is no general rule to establish if this
is likely to be the case, but a couple of considerations matter. Owing to the Ohm’s
law, j = σE, where we neglect the Lorentz force due to the current interaction with
the magnetic field [10], the ∂jˆj = 0 assumption is equivalent to ∂EˆE = 0. In addition,
the continuity equation, ∇ · j = 0, and ∂jˆj = 0 enforce a constant cross-section of the
coil wire.
If ∂Eˆj = 0, the magnitude of the current density, |j| = j(ξ, η), is only a function
of the ξ and η coordinates in the equipotential surface Σ orthogonal to j. Therefore,
the power drained from or released by a coil motion parallel to the field axis is
F · u = −
∫∫
Σ
j
[∮
γ(ξ,η)
u · (B × dl)
]
dξ dη (22)
= −
∫∫
Σ
j
[∮
γ(ξ,η)
(u×B) · dl
]
dξ dη = −V I,
where u = uzˆ is the coil velocity, dξ dη is the area element, dl is the vector line
element along the γ(ξ, η) current line, the outermost integration is carried out on all
the current lines,∮
γ(ξ,η)
(u×B) · dl = V (23)
is independent of the integration line (see section 4.1), and
I =
∫∫
Σ
j(ξ, η) dξ dη (24)
is the current flowing in the coil. Equations (21) and (22) are central to our analysis.
They show that, in a radial field, the equation F · u+ V I = 0 holds, no matter what
the shape, placement, and tilt of the coil may be.
5. Non axial motion
This section investigates a coil motion that is not parallel to the field axis. The field
and coil are still assumed coaxial and the motion free from parasitic rotations. In this
case, the Lorentz field is
u×B =
{
uzθˆ + [ux sin(θ)− uy cos(θ)] zˆ
} r0B0
r
, (25)
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Figure 4. Non-axial coil motion: the electromotive force along the sheaf’s circles
depends on the circle tilt. z is the field and coil axis; u is the coil velocity.
where we used cylindrical polar coordinates tied to the field and coil axis, the origin is
in the coil centre, the coil velocity and the field are given by (9) and (15), respectively.
With the assumption of a one-dimensional coil, the effect of an imperfect motion is
discussed in [18].
5.1. Moving mode
Let us consider a sheaf of tilted circles – centred in the origin and having radius R
(see Fig. 4). The parametric equations of any sheaf’s circle are
r ≈ R, θ ≈ τ, z ≈ αR sin(τ), (26)
where 0 ≤ τ < 2pi is the circle’s azimuth, α  1 is the tilt, the x axis has been
set parallel to the tilt axis, and only the leading – first order – terms of the series
expansions (if not null) have been retained. The vector line element along (26) is
dl ≈ R
[
θˆ + α cos(τ)zˆ
]
dτ. (27a)
The field,
B ≈ r0B0
R
rˆ, (27b)
and coil velocity,
u ≈ [ux cos(τ) + uy sin(τ)] rˆ + [uy cos(τ)− ux sin(τ)] θˆ + uzzˆ, (27c)
values in the circle points are similarly approximated by neglecting the second and
higher order terms.
The electromotive forces along the sheaf’s circles,
E(α) =
∮
(u×B) · dl = r0B0
∫ 2pi
0
{uz + α cos(τ) [ux sin(τ)− uy cos(τ)]} dτ (28)
= B0L0uz
(
1− αuy
2uz
)
,
where L0 = 2pir0, depend on the circle tilt α. Since, the sheaf’s circles intersect in
the same points – (r = R, θ = 0, z = 0) and (r = R, θ = pi, z = 0) – (28) proves that
the field (25) is not conservative. Therefore, there is not any electric field – which is
conservative – nullifying u×B everywhere and eddy currents flow in the coil.
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5.2. Weighing mode
In the weighing mode, since the current lines are horizontal circles centred on the field
axis, the power drained from or released by the coil motion with velocity u is given
by line integral
F · u = −I
∮
(u×B) · dl = −E0I, (29)
where we used (22) and (28) and E0 = E(α = 0). However, E0 has not been proven
or disproved to be the voltage between the coil ends as measured in the moving mode
and, therefore, (29) does not prove or disprove the measurement equation (4). To
solve this issue requires that the eddy currents are reckoned in the calculation of the
difference between the electric potentials of the coil ends. The section 6.3.1 will outline
how these currents are included in the model of the balance operation.
6. Non-radial field
The previous section showed that the 1/r law ensures that the equation (4) holds, no
matter what the coil shape and position may be. Deviations from the 1/r law make
the line integral (23) dependent on the path γ, which makes factorisation of (22),
and hence identification with ∂uˆΦ in (1) and (3), impossible. Therefore, this section
investigates the operation of a toroidal coil in a non-radial, but axially symmetric,
field. The coil and field axes are still assumed coaxial and we limit the analysis to a
motion parallel to the field axis.
6.1. Magnetic field
Let
B =
[
B0r0
r
+ f(r, z)
]
rˆ − h(z) zˆ, (30)
where f(r0, z) = 0, be the flux density. Since,B must satisfy∇·B = 0 and∇×B = 0,
the functions f(r, z) and h(z) are linked by
f =
(r2 − r20)∂zh
2r
. (31)
For example, with the simplest choice h(z) = −λz describing a gradient of the vertical
field-component, the flux density is
B =
2B0r0 + λ(r
2 − r20)
2r
rˆ − λz zˆ. (32)
6.2. Weighing mode
By using (8) and (30) in (12), the component of the magnetic force along the field
axis is
Fz = −2pir0j0
∫ r+
r−
∫ z+
z−
Br(r) dz dr, (33)
where Br(r) is the radial component of (30). To make an example, by using (32) in
(33), we obtain
Fz = −BLI
[
1 +
r0
(
%2/2− 1 +
√
1− %2)λ
2B0
(
1−
√
1− %2)
]
≈ −BLI
(
1− %
2λr0
8B0
)
, (34)
where B = B0r0/r, L = 2pir, and % = a/r0  1.
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6.3. Moving mode
By using (32) in
E =
∫ 2pi
0
(u×B) · θˆ r dθ, (35)
it follows that the electromotive force induced by the coil motion along a horizontal
circle centred on the coil axis,
E(r) = 2pirBr(r)u = BLu
[
1 +
λ(r2 − r20)
2r0B0
]
, (36)
where the velocity u = uzˆ is parallel to the field axis, depends on the circle radius r.
A naive way to find a unique difference between the potentials of the coil ends is to
average (36). The result is
V = E = 2u
a2
∫ r+
r−
∫ z+
z−
rBr(r) dz dr ≈ BLu
(
1 +
%2λr0
8B0
)
. (37)
However, this averaging procedure is not really sound. Firstly, we averaged on
the horizontal circles centred on the field axis, but there are infinite paths joining the
coil ends that have not been included in the average. Secondly, the electromotive force
along the circuit shown in Fig. 5,
E◦ = E(r+)− E(r−) = 2aλL0u, (38)
is not zero and we did not take the effect of the eddy current induced by E◦ into
account. The electromotive force E◦ is due to the gradient −∂zΦ = 2aλL0 of the flux
Φ = 2aLBz = −2aλLz linked to the circuit. As shown Fig. 5, E◦ drives opposite eddy
currents along the inner and outer parts of the coil.
The next section will remedy these weaknesses. For the moment, let us note that,
by combining (34) and (37), we obtain a corrected measurement equation
F · u+ V I
(
1− %
2λr0
4B0
)
= 0. (39)
To give an order-of-magnitude estimate of the correction, we use a ≈ 0.2 mm, r0 ≈ 100
mm, B0 = 0.5 T, and λ ≈ 10−6 mm−1. Hence, the correction to be applied is about
0.8 nW/W. When compared to the typical 30 nW/W uncertainty associated to the
watt balance measurements, this value is reassuringly small.
6.3.1. Continuous model of the eddy current. Owing to the Lorentz field u × B,
the charges inside the coil redistribute and originate a counteracting electric field E.
Therefore, the eddy current density is given by
j = σ(E + u×B). (40)
This is the Ohm law for a moving coil. Since no current flows through the coil surface,
j ·n = 0, where n is the unit normal to the interface. Hence, in general, the boundary
conditions of the electric potential are
(∇φ) · n = (u×B) · n, (41)
where ∇φ = −E. In the specific case we are considering – by neglecting the end
surfaces, which is equivalent to consider an infinite coil – since (u×B) · n = 0, (41)
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Figure 5. Eddy current density in the z = 0 section of the coil. The current flows
counter clockwise (blue) in the inner paths, clockwise (red) in the outer paths. In
the middle (white) the current density is zero. The eddy current comes from the
previous turn of the coil and, after a full revolution, flows in the next turn. The
black arrows indicate the circuit used to calculate the electromotive force (38).
simplifies as (∇φ) · n = 0. Therefore, the sought field is the same as (7), where E0 is
determined in such a way that∫ r+
r−
∫ z+
z−
(j · θˆ) dz dr = 0, (42)
because the total current is zero. Hence, by combining (40) and (42), we obtain the
identity
r0E0
∫ r+
r−
∫ z+
z−
dz dr/r = −u
∫ r+
r−
∫ z+
z−
Br(r) dz dr. (43)
Eventually, the difference between the electric potentials of the coil ends is
V = −
∫ 2pi
0
(E · θˆ) rdθ = −2pir0E0 =
2piu
∫ r+
r−
∫ z+
z−
Br(r) dz dr∫ r+
r−
∫ z+
z−
dz dr/r
, (44)
were we used (43). By observing that, from (33) and (8)∫ r+
r−
∫ z+
z−
Br(r) dz dr = − Fz
2pir0j0
(45a)
and
r0j0
∫ r+
r−
∫ z+
z−
dz dr/r = I, (45b)
we can rewrite (44) as F ·u+ V I = 0. Therefore, provided field is axially symmetric,
the coil is a toroid sitting in the same plane as the field, and the motion occurs along
the field axis, the measurement equation (4) holds, no matter what the radial profile
of the field may be.
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7. Conclusions
The theory of the watt-balance operation rests on a lumped parameter model of the
coil-field interaction, where the coil is considered one-dimensional. We investigated
if the theory’s results are still valid when the three-dimensional nature of the coil is
taken into account and the balance operation is described by continuous parameters.
Since the magnetic force is given by an integral over the coil volume and, in
general, the electromotive forces along different paths joining the same endpoints are
different, we cannot give a general proof of the F · u + V I = 0 relationship between
the force and current measured in the weighing mode and the velocity and voltage
measured in the moving mode. However, we did not find a counter example.
The F · u + V I = 0 equation has been proven when a toroidal coil is coaxially
placed in a radial magnetic field and moved along the field axis. Furthermore, it has
been also proven valid when a number of aberrations of the coil-field interaction are
considered one at a time, with the only case of a coil motion that is not parallel to
the field axis remaining undecided. Therefore, small deviations from an experimental
set-up where a toroidal coil is coaxially placed in a radial field and moved along the
field axis cause second order errors, in the worst case.
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